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Gene$cs 300: Sta$s$cal Analysis of Biological Data 

Lecture 3: Comparison of Means 

September 23, 2010 

•  Two‐sample t‐test 

•  Analysis of variance 
•  Type I and Type II errors 
•  Power 
•  More R commands 

Two‐sample Test 
•  Previously, we compared a sample mean with a known value: 

•  Now, we want to compare two unknown means: 

•  Are the data paired or unpaired? 
•  Two samples are paired if each data point in one sample is 

related to a unique data point in the other. 

•  Example: tes$ng each pa$ent before and aPer interven$on 

€ 

H0 :µ = µ0

€ 

H0 :µ1 = µ2

Paired Data 
•  For paired data, this is really just a one‐sample test of the 

differences di=Xi2‐Xi1 with mean Δ.


•  So the test sta$s$c 

     where     is the sample average of the differences and      is the 
sample s.d. of the differences, follows a t‐distribu$on with 
(n‐1) degrees of freedom (d.o.f.) under H0 
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Unpaired Two‐Sample Test 
•  Two versions, depending on whether the variances in the two 

popula$ons are equal or not 
Equal variances Unequal variances 

t follows a t‐distribu$on 
with (n1+n2‐2) d.o.f. 

t follows a t‐distribu$on 
with some d.o.f. (the 
formula is complicated) 

Unpaired Two‐Sample Test 
•  How to decide whether the variances are the same or not? 

•  Using unequal variances should be fine in most cases 

•  F‐test to test if the popula$ons have equal variances 
•  For two normal popula$ons with means µ1 and µ2 and a 

common variance σ2, if you take two samples of size n1 and 
n2,  

    follows an F‐distribu$on with (n1‐1,n2‐1) d.o.f. 

Example 
•  Is daily caloric consump$on equal in two popula$ons? 

•  We took two samples and found the following: 

•  Test the hypothesis that the mean consump$on is the same in 
both popula$ons. 

Example 
•  Step 1: Test equality of variances 

•  There is no evidence for different popula$on variances  use 
equal variances method 

•  We reject the null hypothesis and conclude that the two 
popula$ons have different means. 

qf(.975,12,9) 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Confidence Interval 
•  The 100(1‐a)% confidence interval for the true mean 

differences 

•  Recall that we expected 95% of the data from a normal 
distribu$on to be contained in  

•  So in the current example, the CI is 

€ 

µ ±1.96σ
Unequal variances  Equal variances 

Other Methods  
for Two‐group Comparisons 

•  Many methods have been devised for this problem 

•  “Signal‐to‐noise”: 

•  Where can the t‐test go wrong? 
–  With a small sample, s may be small by chance 

–  “Regularize” 

–  Ref: “Significance analysis of microarrays”, Tusher et al, PNAS 2001 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X 1 − X 2
s1 + s2
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X 1 − X 2
s0 + s

ANOVA 
•  What if we have more than two groups? 

•  Suppose we have k popula$ons, each roughly normal with 
common variance σ2.   

•  How do we test for H0: µ1=µ2=…=µk ? 

•  The extension of the t‐test to this case is known as one‐way 
Analysis of Variance 

•  The name is decep$ve: we need to analyze variances to test 
for a difference in means 

•  What is HA?  That at least one of the popula@on means 
differs from one of the others 

ANOVA 
•  Can we just test all possible pairs using the two‐sample t‐test? 

•  For 3 groups, we need 3 tests (“3 choose 2”) 
•  This becomes more complicated with more groups 

•  This is also likely to lead to an incorrect conclusion 

•  Suppose you have 3 groups and H0 is true. 

     Type I error:  P(reject in at least 1) = 1 ‐ P(fail to reject in all 3)  
                                            = 1 – (1‐0.05)3 = 1 – 0.857 = 0.143 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Bonferroni Correc$on 
•  We want to specify α, the probability of Type I error out of all 

comparisons. 

•  We can do this by using, for each individual test 

•  More group  more stringent threshold 
•  Bonferroni correc@on – simply divide the desired overall α by 

the number of tests 

•  This is conserva@ve.  The level of the test is guaranteed to be 
less than or equal to α.  

•  Controlling Type I error is fine if you’re worried about the 
possibility of a single false posi$ve.  We will discuss false 
discovery rate later 

ANOVA 

•  We have to assume that the underlying popula$on variances 
are iden$cal (σ1=σ2=...=σ) 

•  Variance consists of two components: the varia$on of the 
individual values around their popula$on means, and the 
varia$on of the popula$on means around the overall mean 

•  Is there more varia$on within groups or between groups? 

ANOVA 
•  Compare the following scenarios: 

•  Does the variability in the data come mainly from the 
varia$on within groups, or is it mostly a result of the varia$on 
between groups? 

ANOVA 

•  Some nota$ons: 
–  xij is the jth observa$on in the ith group 
–  ith group has size ni 
–  Use sum of squares to measure variability 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Sum of Squares 
•  We also define the following mean squares by dividing by the 

degrees of freedom 

•  We can now test for H0 using 

•  We reject if F > Fk‐1,n‐k,1‐α  and conclude that at least one mean 
is different.  To know which one is different, we must do t‐
tests between groups 

ANOVA Table 

•  Type I and Type II errors 

•  P(Type I error) = P(reject H0 | H0 is true) = α   “false alarm” 
•  P(Type II error) = P(not reject H0 | H1 is true) = β  “alarm failure” 

•  Power = P(reject H0 | H1 is true) = 1 – β


•  We want our test to be powerful so that we can detect a different 
if it exists. 

Errors in hypothesis tes$ng 

H0 is true  H1 is true 

Reject H0  Type I error  correct 

Not reject H0  correct  Type II error 

Sta$s$cal Power 
•  Consider                                  vs 


Figure from HST 190 notes (Betensky) 

€ 

H0 :µ = µ0

€ 

H0 :µ = µ1
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Power 
•  Trade‐off between Type I and Type II errors 
•  Lower Type I error rate  higher Type II error rate & loss of 

power 

•  How do we compute power?  (for one‐sided test) 

•  What are the factors affec$ng power?   n, σ, α,|µ1‐µ0| 

€ 

Φ(c) = P(Z ≤ c) (area to the leP of c for Z~N(0,1)) 

Example 
•  Researchers wish to test whether a drug is effec$ve in 

reducing intraocular pressure by 5mm Hg (for glaucoma 
preven$on).  They will conclude effec$veness if they see a 
result significant at the 5% level.  The std. dev. of the pressure 
change, on the basis of previous experiments, is believed to 
be 20.  If they administer the drug to 100 pa$ents, what is the 
probability they will detect a change if the drug is truly 
effec@ve? 

•  n=100, σ=20, α=0.05,  
    |µ1‐µ0|=5 

Sample size 
•  Instead of fixing n and calcula$ng power, we can select 

desired level of power and calculate n. 

•  For a two‐sided test, subs$tute                 for        for all 
these formulas 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z1−α / 2

€ 

z1−α


